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Abstract

Markov processes have been used to model a variety of sports such as football, jai alai and baseball. Curling has a
scoring system similar to baseball; both progress on an inning by inning basis. This suggests that curling could also be
modeled as a Markov process. We will develop such a model and compare some basic strategies. © 2001 Elsevier

Science B.V. All rights reserved.
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1. Introduction

Curling has been described as a combination of
bowling and chess. There are a variety of strategic
nuances and subtleties, but as in most sports there
are two basic strategies; play cautiously waiting for
an opportunity to exploit your opposition’s mis-
takes, or play aggressively where the “best defense
is a strong offense”. There are no documented in-
stances of a probabilistic or simulation based
curling model. We must develop a probabilistic
model to objectively analyze our basic strategies.

* Corresponding author. Tel.: +1-570-577-1306; fax: +1-570-
577-1338.
E-mail addresses: k.kostuk@fcl.ca (K.J. Kostuk), kwil-
loug@bucknell.edu (K.A. Willoughby).

Curling is a winter team sport with origins in
Scotland. Each team is made up of four players
and the game is played on sheets of ice 14 ft 2 in.
wide and 144 ft long. At each end of the sheet is a
house. The house is a set of four concentric circles
of various diameters (12, 8, 4, and 1 ft).

Curling is played with circular disks of polished
granite weighing approximately 45 pounds. The
teams take alternate turns sliding each of their
eight rocks down the sheet of ice. Teams attempt
to strategically position their rocks in front of, or
within the house. A team may also deliver their
rocks to remove their opposition’s rock(s) from
play. Once all 16 rocks have been played the score
is tallied. A team scores a point for each stone
closer to the middle of the house than their op-
position’s closest stone. For example, suppose
your team has one rock in the house and your
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opposition has three. If the opposition’s rocks are
closer to the middle of the house than yours, your
opposition would score three points (Fig. 1).
Conversely, if you have a rock closer than any of
your opposition’s rocks then you will score a point
(Fig. 2). If no rocks are in the house at the com-
pletion of an end, this is referred to as a blank end.

There is a strategic advantage to having the last
rock in an end (also known as having the ham-
mer). Teams will flip a coin to determine who will
have the last rock in the first end. In subsequent
ends, the team that was scored on in the previous
end receives the hammer in the next end. A stan-
dard curling game consists of 10 ends or innings. If
the game is tied after 10 ends, extra ends are
played until one of the teams scores at least one
point.

A literature search on curling would generate
information that could be classified in one of four
categories: rules and instruction (CCA, 1996; Lu-
kowich et al., 1981; Lukowich, 1993), historical
(Murray, 1981; Weeks, 1995), examination of the
sport’s physics (Johnston, 1981; Shegalski et al.,
1996; Denny, 1998), and scheduling (Kostuk,

Fig. 1. An example of scoring three points.

Fig. 2. Scoring a single point.

1997). Unlike several other sports, analytical
models have not been developed.

Baseball was the first, and is likely the most
analyzed of all sports. Various modelling tech-
niques have been applied; statistical analysis
(D’Esopo and Lefkowitz, 1977), Markov processes
(Howard, 1960; Bukiet et al., 1997; Trueman,
1977) and dynamic programming (Bellman, 1977).
Other sports which have been modelled include:
Australian rules football (Clarke and Norman,
1998), cricket (Clarke and Norman, 1999), tennis
(Hannan, 1976), track and field (Stefani, 1996),
American football (Casti, 1971), basketball (Car-
lin, 1996; Schwertman et al., 1996), jai alai (Byrne
and Hesse, 1996), snooker (Percy, 1994) and
hockey (Schutz and Liu, 1996).

Curling has a scoring system similar to baseball
(but much more similar to bowls); points are tal-
lied at discrete intervals during play. This suggests
that one of the models used to analyze baseball
could be applied in a similar fashion to curling. We
have elected to model curling as a Markov process,
and will use this model to compare basic strategies.

The rest of this paper will be divided into four
sections. Section 2 will develop our model formu-
lation. The structure of a Markov process will be
discussed, and its components will be introduced
in the context of our curling model. Section 3 of
the paper will illustrate how we developed our
transition probability matrix. With the model fully
developed, Section 4 will compare basic strategies.
This will be followed by a discussion of the results
and a conclusion in Section 5.

2. Curling as a Markov process

For a problem to be modeled as a Markov
process we must define a series of states, the
probability of moving from state to state, and es-
tablish the time interval over which these transi-
tions will occur (Hastings, 1973). The classic
example of a Markov process is a frog sitting in a
pond full of lily pads (Howard, 1960). Each pad
represents a state. At the end of a fixed time in-
terval the frog will jump from pad i to any other
pad j with probability p(i, j). The difficulty in de-
fining the state space for any Markov process is
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that it must both be detailed enough to clearly il-
lustrate what is being modeled but at the same
time be concise enough that the problem does not
become intractable.

For a Markov process timing is of the essence.
The Markov process has a fixed time interval. For
curling there are two natural representations; a
shot by shot model of the game’s progression, or
an end by end representation. We have selected the
end by end representation.

All strategy in curling hinges on two pieces of
information; namely, the score and whether or not
the team has the hammer. In actuality the absolute
score is not as important as the difference in score
between the two teams. Our state space will be
described by the tuple {i,;} where i is the differ-
ence in score and j indicates possession of the
hammer (1 means that the team has the hammer).
Note that for this notation to work, one team must
be selected as the benchmark (or frame of refer-
ence). Imagine that we have teams A and B, and B
is selected as our benchmark. Whenever B is
leading A, i is a positive value. Conversely, when A
leads B, i is a negative value. The second index, j,
indicates whether team B has the hammer. If B has
the hammer, j =1 otherwise j =0. For further
clarification, if B is leading A by two points
without the hammer, the system’s state is (2,0)
(Fig. 3).

Teams will concede defeat before ten ends if
they feel their opponent’s lead is insurmountable.
This suggests that extreme winning or losing po-
sitions do not exist. Consequently we can bound
the state space for convenience without sacrificing
realism in our model. We can limit the range of
possible scores with lower (LB) and upper bound
(UB) values. The only additional limitation is that
a team cannot have the hammer if the score is

k=0 k<0
k>0

Fig. 3. Markov chain representation of scoring transitions
from state {i,/}.

equal to the UB and a team must have the hammer
if the score equals the LB. The best way to describe
these two additional constraints is by example.
The only way to ‘reach’ the LB score is to have a
point taken from you (i.e. your opponent scores).
If a point is scored on you, you will have last shot
in the next end. Consequently, if i = LB, then
j=1. A similar argument exists for i = UB. This
reduces the size of the state space (N) from
N =2(UB—LB+1) to N =2(UB — LB).

Next we must describe the state transitions. Let
us define £ as the number of points scored in an
end. If k is positive you have scored a point, if it is
negative your opposition has scored. The tuple
describing our starting state is {i(¢),j(¢)}. The
score at the beginning of the next end is equal to
the present score plus the number of points scored
during the end [i(# + 1) = i(¢) + k]. Unfortunately
we can not describe the transition from j(z) to
Jj(t + 1) as succinctly. There are six possible events
(Table 1) which can be consolidated into three
rules (Table 2).

We now need a technique for mapping our
tuple {i(#),j(r)} to a point in our solution state
space. Based on the state space description and the

Table 1
The six possible scoring transitions
Event K J(@) Jj+1) i(t+1)
(1) Score with the hammer k>0 1 Jj) —1 i(t) +k
) Scored on with hammer k<0 1 J(@) i(t)+k
(3) Blank with hammer k=0 1 J(@) i(t)+k
(4) Score without hammer (a steal) k>0 0 J(@) i(t)+k
%) Scored on without hammer k<0 0 Jj) +1 i(t) +k
(6) Blank without hammer k=0 0 J(@) i(t)+k
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Table 2

Consolidating the six events into three basic rules
Event k J(®) Jj+1) i(t+1)
1 and 4 k>0 Oorl 0 i(t) +k
2and 5 k<0 Oorl 1 i(t)+k
3and 6 k=0 Oorl Jj(@) i(t)+k

definition of the state transition Fig. 3 provides a
general description for the transition between
states.

Let us define the size of the state space as N and
n as an element of the state space. As was discussed
earlier, N = 2(UB — LB). The transition probabil-
ity matrix (TPM) will have dimensions of N x N.
The key is to define a constant such that {LB, 1} is
mapped to state 1 and {UB,0} is mapped to state
N. We can formulate a functional relationship
n = f(i,j,z) where z is a constant. We can deter-
mine z via the equation n = z + j + 2i. The result is
z = —2LB. Thus we have a universal relationship
n=—-2LB+j+2iorn=2(i—LB)+j.

So how do we generate our TPM? The initial
state is a function of i and j (as stated above). The
transition from {i(¢),j(¢)} to {i(t+1),j(t+ 1)} is
dictated by k. Thus, the probability of making the
transition is equal to the probability of k& occur-
ring. By generating a list of all feasible triples of
{i,j,k} we can determine the TPM. Table 3 is a
partial enumeration of all permutations of {i, j, k}.

For clarity we will describe the columns in
Table 3. The first two columns represent the cur-
rent point differential [i(z)] and whether or not the

team has the hammer [j(#)]. The third column in-
dicates the state mapping described by our func-
tion n = 2[i(¢) — LB] + j(¢). The fourth column (k)
is the number of points the team scores. P(k|j(¢)) is
the probability of scoring k points given the team
has or does not have the hammer. The remaining
three columns describe the subsequent state;
i(t+1) 1is determined by the relationship
i(t+1)=1i(t) + k,j(t+ 1) is determined as shown
in Table 2, and, the Destination state column is
determined by the same functional relationship
which determined the Initial state column.

3. Transition probability matrix development

Our base data are statistical information re-
corded from 1985 to 1997 at the Canadian Men’s
Curling Championships (also known as the Brier).
Table 4 is a summary of that data. Each column
represents the number of points scored in an end.
Probabilities [P(k|j(¢))] are generated from the
frequency table. The rows represent the ends; the
bottom row is the sum of each column. Note that a
team may concede defeat at any point in the game.
This fact is reflected in the last column of the table.
This column reflects the number of games which
played that many ends or fewer. For example there
were 902 games that completed at least four ends.
The number of games that progressed five ends or
less was 900; less than half (410) went the full 10
ends.

Table 3

A partial example of enumerating all permutations of {i, j, k}
i(t) j@0) Initial state k P(k|j(z)) i(t+1) Jj+1) Destination state
-8 1 1 0 1.000 -8 1 1
-7 0 2 -1 0.573 -8 1 1
-7 0 2 0 0.278 -7 0 2
-7 0 2 1 0.115 -6 0 4
-7 0 2 2 0.028 -5 0 6
-7 0 2 3 0.004 —4 0 8
-7 0 2 4 0.001 -3 0 10
-7 0 2 5 0.000 -2 0 12
-7 0 2 6 0.000 -1 0 14
-7 0 2 7 0.000 0 0 16
-7 0 2 8 0.000 1 0 18
-7 1 3 -1 0.149 -8 1 1
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Table 4
Frequency table for the number of points scored in an end by a team with the hammer
-5 -4 -3 -2 -1 0 1 2 3 4 5 6
1 1 4 25 104 251 322 156 32 7 902
2 2 6 53 133 184 322 162 32 6 2 902
3 2 12 56 161 163 277 170 51 8 1 1 902
4 4 11 54 149 154 294 180 49 6 1 902
5 1 1 14 42 156 135 297 189 50 10 4 1 900
6 1 5 9 46 154 149 292 170 54 12 4 896
7 1 3 6 55 133 154 282 179 46 14 1 874
8 1 4 8 44 147 143 280 168 42 6 3 846
9 14 35 124 164 231 152 39 4 1 764
10 1 8 19 92 22 183 70 10 4 1 1 411
11 4 15 4 85 7 2 1 118
12 1 3 4
Totals 4 23 92 434 1371 1523 2865 1603 407 78 18 3 8421

Figs. 4-6 illustrate how the likelihood of scor-
ing x points in an end changes during the course of
the game. The first end distribution (Fig. 4) is es-
sentially normal. The distribution is centered
around the one point score indicating that the
team with the hammer is most likely to score one
point. The distributions for ends 2-9 are similar to
the first end with a slight variation at the zero
point mark.

In the 10th (and if necessary an 11th end) the
scoring distribution is bimodal. This is because one
rarely gets the opportunity to blank the last end.
Blank ends occur if and only if there are no rocks
in the house at the conclusion of an end. Consider
a team that is trailing by i points in the 10th end.
The team knows that it will need to score at least i
points to prolong the match, or to emerge victo-

0.40 1
0.35 1
0.30 A
0.25 -
0.20 1

Probability

0.15 1
0.10 1
0.05 -
0.00

rious. To accomplish this, it will surely adopt a
strategy that keeps as many rocks as possible in
play. Our empirical data (see Table 4) indicates
blanking the 10th end occurs roughly 5% of the
time.

The time varying characteristics of these dis-
tributions suggest that the standard time invariant
assumption for a Markov process may not be
valid. Consequently we must investigate whether
we can establish a time invariant TPM which ad-
equately represents what occurs during a game.

The time variant model is based on TPMs for
each distribution in Table 4. Each TPM is applied
over the appropriate time interval.

Our time invariant model is based upon the
total likelihood of scoring x points in any given
end. In other words, our transition probabilities

0 2 4 6

Points scored

Fig. 4. Distribution for the number of points scored in the first end.
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0.40 -
0.35 -
End 2
0.30 1 ——End 3
.é- 0.25 - End 4
3 End 5
] 0.20 1
2 ——End6
a 0.15 4 —End7
0.10 - ——End 8
0.05 | End 9
0.00 T T T L S
6 -4 2 0 2 4 6

Points scored

Fig. 5. Distribution for points scored during the middle ends (2-9).

0.80 -
0.70 A
0.60 -
0.50 -
0.40 -

Probability

0.30 -
0.20 A
0.10 A

End 10
End 11

0.00 T T T

Points scored

Fig. 6. Distribution for the number of points scored in the last and extra ends.

are based upon the bottom row of Table 4.
Comparing the results of the time invariant and
variant models we can determine the effectiveness
of a time invariant model.

4. Analysis

All games start in a scoreless tie. The only dif-
ference from game to game is whether the baseline
team wins the toss (and consequently has the
hammer). Consequently our initial state will be
either {0,0} or {0, 1}. The likelihood of reaching
any one of the states at the end of the game is
determined by the TPM(s) applied in the analysis.

The first question we wished to address was
whether a time invariant model would adequately
represent the outcome of a match. Figs. 7 and 8
illustrate the likelihood of being in each state (with
and without the hammer) for both the time in-
variant and variant models. By observation, one
can see that there is little difference between the
two models. Quantitatively the expected outcome
for each model is that winning the toss is worth
approximately one point over the course of a
game. As shown in Table 5, our time invariant
model suggests that the expected point differential
(at the conclusion of the game) of winning the toss
is 1.028 points. The expected point differential with
the time variant approach is 1.155 points. From
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Fig. 7. Expected score with the invariant model.
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Fig. 8. Expected score with the variant model.

Table 5

Expected point differential at game end
Toss Invariant Variant
Win 0.514 0.623
Lose -0.514 —-0.532
Net 1.028 1.155

our perspective this signifies that a time invariant
model is an adequate representation of the sport of
curling.

In order to provide statistical support for the
value of winning the toss, we computed a 95%
confidence interval for the time invariant model.
Using the number of times each particular tally

was obtained (the bottom row of Table 4), we used
a bootstrap method (Efron and Tibshirani, 1993)
to generate 300 new sets of point estimations. Our
95% confidence interval for the value of winning
the toss was [1.02598, 1.03002], with a mean of
1.028. The fairly narrow spread in this interval
provides substantial confidence that the value of
winning the toss is just over one point.

The distribution that we have observed for
tenth end scoring is intriguing. The significant
‘spike’ at the one point and minus one point level
shown in Fig. 6 appears to indicate a myopic
strategy in the last end; a sufficient number of
points scored in the short term will guarantee a
win. From this observation arose the question,
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‘what would happen if a team played this way the
whole game?” We wanted to compare the results of
this extreme strategy with the more traditional
approach to the game. By applying the 10th end
TPM as our sole distribution we found that the
expected points differential with the hammer was
0.404 and without was —0.404 for a difference of
0.808.

This was a counter-intuitive result. The myopic
strategy was considered a gambling approach, and
one would have expected a gambling or more of-
fensive approach to generate a larger scoring dif-
ferential. Upon further reflection it was realized
that this distribution did not provide the potential
gains of a gambling strategy; most of the distri-
bution was focused around getting a single point,
but yet still possessed the significant downside
potential of a gambling strategy.

The three models we discussed so far have im-
plicitly stated that the two teams being modeled
are of equal strength; the likelihood of scoring a
point and giving up a point is influenced by who
has the last shot. Few if any teams consider this to
be the case. We selected a pair of distributions
representing the likelihood of our baseline team
scoring x points when they have the hammer and
scoring y points when they do not. The expected
scoring differential under this scenario was signif-
icantly different from our previous models. Under
these circumstances the expected differential with
the hammer was 5.64 and 4.60 without. So al-
though the expected outcome for this team was a
win regardless of whether they won or lost the toss
(unlike the previous models), the value of winning
the toss was still approximately one point.

5. Conclusions

This paper has shown that curling, in a fashion
similar to other ‘discrete-event’ sports, can be
modeled as a Markov process. We have illustrated
the outcomes of respective strategies. It would
appear that teams generally enjoy an advantage of
just over 1 point when beginning the game with the
hammer. This result has been developed through
various modeling scenarios such as myopic full-
game strategies and teams of unequal abilities.

Additional research into this area appears to be
warranted. Specifically, our model has analyzed
end-by-end results as a curling game progresses. Is
it possible to develop Markov models that exam-
ine the behavior of a curling game during a given
end? Can one use these models to suggest the
appeal of different strategies? Should curling teams
use different tactics at separate occurrences during
a single end of play? Two generally accepted
strategies are ‘conservative’ and ‘aggressive’. The
former strategy involves teams trying to keep as
few rocks in play as possible (so-called ‘keeping
the house clean’). Teams try to remove their op-
position’s rocks from play. An aggressive strategy
suggests that teams keep as many of their rocks in
play as possible (possibly by positioning some of
their rocks in front of the house as ‘guards’). The
complexity of this modeling effort would arise due
to the seemingly infinite number of possible states
(rock position and shots remaining) during an
end.
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